Abstract-Rotation vector algorithm regarded as a classical and conventional attitude algorithm is widely used in strapdown inertial navigation system. This kind of algorithm usually uses incremental angle in calculation processes. However, the output of fiber-optic gyro is angular rate. Integrating angular rate to get incremental angle leads calculation errors. In this paper, a set of improved attitude algorithms for fiber-optic-gyro strapdown INS using angular rate are developed and evaluated under classical coning motion. The error criterion for the improved algorithms and conventional ones is derived. Under the standard testing circumstance, i.e. classical coning motion, the accuracy of attitude calculation can be improved at least three orders of magnitude as compared with conventional one.
I. INTRODUCTION
The fiber-optic-gyro strapdown inertial navigation system (INS) features the benefits of fiber-optic-gyro (FOG) technology and therefore shares the advantages of not requiring maintenance or recalibration. They have substituted for platform INS and been widely used in China.
The calculation for vehicle attitude parameters, e.g., direction cosines or quaternions, is the most important task for strapdown INS. The noncommutativity of finite rotations is one of error sources in numerical solutions of the attitude equation. Thus it has become important to design efficient algorithms for the sake of reducing the noncommutativity error.
Miller [1] showed a coning algorithm using two or three gyro samples per update interval. By extension of Miller's technique, Lee [2] developed an algorithm in which four gyro samples were used. Savage [3] provided a summary and generalization of attitude integration algorithms. The algorithm given by Wu [4] used dual quaternion as a mathematical language representing rotation and translation in design. Recently Savage [5] gave a new optimum algorithm based on explicit matching of desired response to expected coning input magnitude as a function of coning frequency.
Among the numerous treatises on attitude algorithms, most utilizes incremental angle to compute rotation vector. But these aren't appropriate for the fiber-optic gyro outputting angular rate. The integration of angular rate for the purpose of getting incremental angle causes computation errors. So we propose a set of improved attitude algorithms in which only angular rate is used. These algorithms improved attitude accuracy of fiberoptic-gyro strapdown INS effectively.
II. CONVENTIONAL ALGORITHMS AND ACCURACY
Since the noncommutativity rate is obviously contained in the rotation vector differential equation, it can be used to improve the accuracy of strapdown attitude algorithms effectively. The rotation vector differential equation can be written as and ω represents the angular rate vector. The last term in (1) is referred as noncommutativity rate vector. Equation (1) can be used to compute rotation vector during each updating interval.
In case two gyro samples per updating interval are used. The updating rotation vector φ Δ ) can be written as
where θ represents the incremental angle accumulated by gyros during an updating interval and Without loss of generality, let the rotation vector describing the classical coning motion be [6] 0 cos sin
where ψ denotes the coning frequency. Then the angular rate output is 
The corresponding quaternion Q(t) describing the coning motion can be written as
The true updating quaternion q(h) which represents the coning motion during the updating interval from t to (t+h) can be derived as
By the definition of quaternion, there exits a true updating rotation vector φ Substituting (9) into (11) yields the true updating rotation vector
When the output of gyro is angular rate signal, the incremental angles used in rotation vector algorithm can be obtained by Simpson integral [7] . For two-sample algorithm
where h is the updating interval. Substituting (13) into (3), we can achieve the x component of the estimated updating rotation vector ( )
The error criterion is defined as the difference between the true updating rotation vector and its estimate. However, in the classic coning motion, there is solely a non-zero average error along the coning axis, i.e. x axis. Thus the criterion can be reduced to the non-zero average component of difference between these two vectors
Substituting (12) and (14) into (15) 
After expanding trigonometric function into Taylor series and tedious development, the error of two-sample algorithm becomes ( ) 
The increment angles for three-sample algorithm can be written as follows 
Referring to the deduction process from (14) to (17), we can draw the error of the three-sample algorithm ( )
III. IMPROVED ALGORITHM During the updating interval, i.e., (t, t+h), the angular rate output from gyro can be approximated with the multinomial below ( )
where 
With (1), the derivative of φ at T can be obtained as [8] ( ) 
The Taylor expansion of (1) is generated
Because the cross products formed from the angular rates only lies on the time difference [8] , (20), the angular rate output from gyro is approximate value, therefore the coefficients of multinomial i.e., A, B and C, can't assure minimizing algorithm error. Similarly to conventional algorithms, the coefficients of (26) are readjusted under classical coning motion in order to compensate noncommutativity error.
Inserting (6) into (26), we obtain the estimated
It is demonstrated, from (12) and (26) 
As trigonometric functions are usually approximated by truncation of trigonometric series, a ninth-order approximation is utilized here. The coefficients of 
The estimated error associated with the improved three-sample algorithm for rotation vector is 2 9 ( ) 8899200
In case two gyro samples per updating interval are used.
In terms of the improved three-sample algorithm, the improved two-sample algorithm for updating rotation vector is given by The estimated error associated with the improved twosample algorithm is 2 7 ( ) 80640
Comparing the improved algorithms with the conventional ones, it is seen that the constant coefficient part of estimated error is reduced by three orders of magnitude. Moreover, the improved algorithms are more accurate than the improved ones since 1 h ψ << .
V. SIMULATION RESULTS
Consider a vehicle following the classic coning motion where the angular rate vector has a constant magnitude but the direction is rotating with increasing deviation angle about the nominal forward motion axis [9] . This situation described by (5) and (6) is a challenging case for testing fiber-optic-gyro strapdown INS since the noncommutativity rate vector is maximized under this motion [10] .
In the simulation, let the coning frequency 2 ψ π = rad·s -1 and the magnitude of rotation vector 1 α = o . Angular rates output from fiber-optic gyros are simulated and derived as (6) . The sample frequency of gyro is at 100Hz. The total duration of simulation is 100s. The two-sample conventional algorithm (2C) and threesample conventional algorithm (3C) are described by (3) and (4) respectively. While the two-sample improved algorithm (2I) and three-sample improved algorithm (3I) are described by (33) and (31) respectively. The simulation results for each test configuration are illustrated in Fig.1 and Fig.2 . The results of the roll and yaw are omitted for the coning error is only included in pitch. To show the different orders of pitch errors between conventional algorithms and improved ones, we create plots using a base 10 logarithmic scale for the yaxis and a linear scale for the x-axis. Taking 3I for example, the estimated error is studied here. The relationship between estimated error and sample frequency of gyro is shown in Fig.3 where the sample frequency changes from 10Hz to 100Hz. The relationship between estimated error and coning frequency is shown in Fig.4 where the range of coning frequency is from 1Hz to 50Hz. In Fig.3 and Fig.4 , we also create plots using a base 10 logarithmic scale for the y-axis since estimation errors varies several orders of magnitude. Taking 2I for example, the further demonstrations are carried out and the simulation results are shown in Fig.5 and Fig.6 . Obviously, we can conclude the same analysis results just as the ones using 3I and these also verify that 3I is superior to 2I as the same sample frequency and the same coning frequency. The results in Fig.1 and Fig.2 show that the improved algorithm under this classic coning motion has substantial improvements in accuracy (three orders at least) over the conventional one correspondingly. These observations agree with the analytic conclusions drawn in the Section IV. As shown in Fig.3 , the estimated error of coning algorithm is reduced as the gyro sample frequency increases. On the other hand, the estimated error increases along with the increasing coning frequency in Fig.4 . These conclusions above can also be gotten by (32).
Because initial alignment errors and gyro errors are both set identically to zero, navigation errors in this case are exclusively due to the computational errors, e.g. as a result of limited sample frequency of gyro and truncation of the mathematical functions. The limitations on the order of numerical integration schemes are the other primary reason which causes the errors for the conventional algorithms except the two reasons mentioned above.
VI. CONCLUSIONS
A set of improved attitude algorithms for fiber-opticgyro strapdown INS are developed which reduce the estimated error by three orders of magnitude as compared with conventional ones. The new algorithms utilize the angular rate instead of incremental angle in the update interval. The weighting coefficients are optimized in the multinomial of φ Δ ) which is composed of angular rates. The superiority of the improved algorithms over conventional ones in accuracy is analyzed. The analysis shows that the improved algorithms are promising in coping with vehicle maneuvers with more robustness for the fiber-optic-gyro strapdown INS. As a general rule, accuracy can be improved by increasing the number of gyro samples in each updating interval. The estimated error can be reduced as the gyro sample frequency increases or the coning frequency reduces.
Quite recently, Wu [4] has implemented the strapdown algorithm with dual quaternion rather than rotation vector. It is claimed that the approach has a significant improvement in the ability to reduce the noncommutativity errors. Redesigning the improved algorithms proposed here with dual quaternion would be our further work.
